Homework 2 - Math 243 Name:

1. Suppose that a simple electric circuit has a resistor with resistance R in ohms (2), a capacitor with capacitance C' in
farads (F) and a (time-dependent) voltage source that provides E(t) volts (V). The voltage drop across the capacitor E¢

satisfies the differential equation

E
RCde + Ec = E(b).

Solve this differential equation if E(t) is a constant 5 volts, and R = 2 2 and C = 1 F with initial condition E¢(0) = 10 V.

2. Draw a rough sketch of a slope field for the following differential equations.

(a) y' = —zy (b)y' = (@+1)(z-2)

3. Match each of the following differential equations to one of the slope fields below: v/ =1—z, ¢ = z—2y, and y' = x(1—y).
Justify your answer.
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4. Seawater has about 3.5 grams of salt per liter. Suppose that a pool is filled with 10,000 liters of seawater. If 200 liters of
fresh water evaporate from the pool every hour, and 200 liters of seawater are added to the pool to keep the volume of
water in the pool constant, then find a differential equation to model the amount of salt in the pool as a function of time.
You do not need to solve the differential equation.



For each of the following autonomous differential equations, find all equilibrium values of y. For each one, say whether it is a
stable or unstable equilibrium.
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8. Suppose that the population of fish in a lake satisfies d—:g = y(M — y) where time is measured in years. Now suppose that

we start adding fish to the lake at a rate of A per year.

(a) What are the equilibrium values of y (there are two)? Hint: You might need to use the quadratic formula.

(b) Which of the equilibrium solutions makes sense in the context of the problem? Is that equilibrium stable or unstable?
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9. In class, we considered a logistic growth model for a population of rabbits in a field: e kP (1 -~/ This is an
autonomous differential equation, but we could modify it by using a time dependent carrying capacity N(¢) instead of a
constant. If ¢ is measured in months, and the average carrying capacity for a whole year is 8 thousand rabbits, then what
is a plausible formula for N(¢)? There is more than one right answer, but you should explain why your answer makes
sense.

10. Consider the differential equation 3y’ = f(y) where f is the function shown below. If y(0) = 0, then what is tle y(t)?
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